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Abstract
We will present Monte Carlo simulations of a soft-quadrumer model for diblock copolymer melts where each bead
of the quadrumer has a size of the order of the gyration radius of half of a block. We will show that such a model
captures the micro phase separation of diblock copolymers in the bulk as well as in conﬁnement. For the conﬁned
system the form and strength of the interaction between the soft particles representing the diblock copolymers and
the wall conﬁning the melt are determined by iterative Boltzmann inversion techniques applied to chemically realistic
Molecular Dynamics simulations.
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1. Introduction
Copolymers in their melt state are versatile ingredients for all kinds of nano-structured functionalized materials due
to their inherent self-organization behavior [1, 2] and have found much attention since quite some time [3, 4, 5, 6, 7].
The growing control over the chemical synthesis has led to the possibility for the creation of a variety of chain archi-
tectures (linear, branched, comb-like, stars and more) each of which can be created in a variety of chemical sequences,
e.g., diblocks, triblocks, multi-blocks etc. However, even after more than 20 years of work in this ﬁeld, a complete
and comprehensive characterization of the phase behavior of these materials has only approximately been achieved
for even the simplest polymers of this family, diblock copolymers. Experimentally, two materials, polyisoprene-
polystyrene [8] and polyethyleneoxide-polyisoprene [9] diblock copolymers, have been looked at comprehensively
with a host of techniques to determine phase boundaries and phase morphologies in the relevant space of control
parameters, chemical composition of a chain, f , and incompatibility between the blocks, χN, where N is the chain
length. Even in these most detailed studies not all equilibrium morphologies could be determined unambiguously,
no systematic variation of the overall polymer concentration as a third control parameter was performed, and a thor-
ough determination of the order of the diﬀerent phase transitions in the phase diagram was only performed for the
order-disorder transition line.
Theoretically, the phase behavior of diblock copolymers can be most exhaustively studied employing self-conistent
ﬁeld theory (SCF) [10, 11, 12, 13] or density functional [14] approaches. However, these are mean-ﬁeld approaches
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which were early on shown to miss the eﬀect of ﬂuctuations on the nature of the order-disorder transition [15, 16, 17,
18, 19, 20] and the shape of the phase diagram. Molecular simulations typically employed coarse-grained models (see
for example [21, 22, 23, 24, 25, 26, 27, 28]) but these models require very time consuming simulations. Recently,
there have also been some approaches to include ﬂuctuations into the ﬁeld-theories [13, 29, 30] or conformational
ﬂuctuations of the chains into a hybrid SCF-molecular approach [31, 32, 33].
Our approach is based on the observation that the inherent structural length scale of all morphologies occuring in
diblock copolymer melts is the radius of gyration of the blocks. Therefore, a coarse-grained model only taking eﬀec-
tive interactions between soft-particles representing the blocks into account should be suﬃcient to capture the phase
transitions and equilibrium morphologies of diblock copolymer melts. Such an approach has been pursued before in
terms of soft-ellipsoid or soft dumbbell models [34, 35, 36, 37]. Our model diﬀers from these approaches by the type
of the interaction chosen and/or by the fact that we take the asphericity of a polymer chain in the melt into account by
modeling each block by two soft particles. In the next section we will deﬁne our model and present information about
the simulation technique, section 3 will then present selected results for the bulk phase behavior while section 4 will
present our modeling of conﬁned diblock copolymer melts. Finally, section 5 will present conclusions and an outlook.
2. Model
In the last years quite some knowledge has been obtained on the eﬀective interactions between polymer chains in
solutions and in the melt [38, 39, 40]. Using molecular simulations to obtain pair-correlation functions between mass
centers of diﬀerent chains in solution and employing liquid state theory to invert these to obtain eﬀective interactions
between the chains, it has been found that: i) the chains interact by soft potentials with an amplitude at separation
zero of about 2kBT - relatively independent of concentration - and ii) the interaction decays to zero for a distance
between one and two Rg (radius of gyration). We build on this by assuming that our blocks are made up of two
halfs obeying Gaussian chain statistics interacting through such soft repulsive potentials. All four soft particles in a
chain are connected by entropic bonds and for the interaction between unlike particles we employ the same form of
potential as for the like particles but choose the interaction strength as a constant. Reducing temperature thus leads
to an eﬀective repulsion between unlike soft particles inducing the micro phase separation [41]. The non-bonded
interactions are given by
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Here σA,B are the diameters of spheres representing half the blocks. For the bonded beads we modify these potentials
in the following way
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The control parameters of the phase diagram are composition, f , and incompatibility, χN, where N is the chain length.
Assuming equal statistical segment length for both blocks we have (with NA being the length of block A and NB the
length of block B)
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The condition of ﬁxed chain length N translates into the requirement
σ2A + σ
2
B = 2σ
2 (4)
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Where σA = σB = σ is the size of the spheres at symmetric composition f = 0.5 We choose σ = 1 as our length unit.
A composition f then translates into the following diameters of the two types of soft spheres:
σA =
√
2 f and σB =
√
2(1 − f ) . (5)
The asymmetry of the non-bonded interactions is given by
Δ = AB − 12(AA + BB) , (6)
We take the following as the deﬁnition of χN in our quadrumer model
χN = 4
Δ
T
=
4(2 − 2T )
T
= 8
(
1
T
− 1
)
. (7)
Monte Carlo simulations have been performed in the canonical as well as the grand canonical ensemble, but the
results we present are taken from the more exhaustive canonical simulations. To identify phase morphologies we
used a newly developped algorithm [41] built upon identifying clusters of like particles and determining their shape
(through the eigenvalues of the gyration tensor of the clusters) as well as the cluster size distribution. For the cluser
identiﬁcation a continuum variant [42] of the Hoshen-Kopelmann [43] algorithm was used.
3. Results for the bulk
All diblock copolymer morphologies (lamella, cylinder, spherical, bi-continuous) have unique signatures in the
combination of cluster size distribution and gyration tensor eigenvalues. A lamellar phase, for example, would be
described by equal cluster size distributions for A and B peaking at about the same number of clusters and by equal
average values for the eigenvalues of the gyration tensor. Two of these would be of the order of the simulation box size
and the other of the order of the lamella spacing. For a cylinder phase we are showing the cluster number distribution
in Fig. 1. The majority component consists of only one cluster with gyration tensor eigenvalues equal to the linear
Figure 1: Cluster number distributions for majority (A) and minority (B) phases for a cylinder mesophase at chain density ρc = 1.3, f = 0.81 and
χN = 48. The inset shows a snapshot picture of this phase.
size of the simulation box (not shown) into which a number of cylinders of the minority phase are imbedded (the
exact number depends on the degree of tilting of the hexagonal cylinder arrangement necessary to ﬁt into a generally
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not compatible cubic box). The gyration tensor eigenvalues of the minority phase show one value of the order of the
linear system size and two eigenvalues giving the radius of the cylinders (not shown).
This simple coarse-grained model can be simulated eﬃciently, so we can perform this type of analysis for a large
set of control parameter values to obtain the phase diagram of the model [41] from which we here only show a part in
Fig. 2. This phase diagram improves upon shortcomings of the SCF phase diagram commented on in the review by
Figure 2: Region of the phase diagram for ρc = 1.3 containing the lamella, the perforated lamella, the cylinder and the disordered phase. The phase
diagram is, of course, symmetric with respect to f = 0.5.
Matsen [12]. Most prominently, there are direct transitions from the disordered phase into all the ordered phases ex-
isting at this density whereas the SCF calculations predict a hierarchy of transitions disordered - spherical-cylindrical-
gyroid-lamella for f  0.5. Also, the phase boundary between disordered and ordered phase is not a simple convex
line. The behavior of our model in the bulk has been discussed for two densities in detail in [41] but a systematic
study of the phase behavior as a function of overall density is still in the future. Our theoretical understanding of the
phase diagram topology is that it is determined by the so-called invariant degree of polymerization
N = (ρcR3e)
2 =
(
ρ0
R3e
N
)2
(8)
where ρc is the chain density, ρ0 is the monomer density and Re is the end-to-end distance of the chains. The square
root of this quantity gives the number of other chains a selected chain is interacting with, i.e., for N → ∞ one
should obtain the mean ﬁeld phase diagram. Typical experimental values are around N  10000 whereas molecular
simulations are at N  100 and the simulations we performed so far are at N  300, so that simulations at higher
densities need to be performed to make contact with the mean ﬁeld predictions. We will now turn to the behavior in
conﬁnement.
4. The lamella phase in conﬁnement
In practial applications it is very important to be able to control the morphology of micro phase separated block
copolymers in situations where the melt is conﬁned by hard interfaces. A prominent example is the conﬁnement
of a diblock copolymer lamella phase between electrodes in photovoltaics applications. There exist several detailed
investigations from the theoretical side about the phase behavior of diblock copolymers in conﬁment, building, e.g.,
on SCF methods (see, e.g., [44]) or molecular simulations [45, 46, 47]. From these investigations it is known that the
lamella phase will switch between parallel alignment and perpendicular alignment between parallel conﬁning walls,
 C. Groß and W. Paul /  Physics Procedia  34 ( 2012 )  105 – 113 109
depending on speciﬁcity and strength of the polymer-wall interaction and on the mismatch between the distance
between the walls and multiples of the lamella spacing.
Figure 3: Snapshot of the Molecular Dynamics simulation of a PE melt between graphite walls. The simulation temperature is T = 509 K.
We want to test whether our soft-particle model of diblock copolymers is able to reproduce these results. For this
we have to start with a determination of the eﬀective potential that such a soft particle experiences next to an attractive
wall. Polymer solid interactions can be very complicated when the polymer or the solid or both are polar or when
speciﬁc interactions like hydrogen bonding are possible. However, in the most simple case of an apolar polymer near
to an apolar solid it is the always present van der Waals attraction that determines the behavior at the polymer-solid
interface. The most simple apolar pairs are polyethylene (PE) on graphite [48] or polybutadiene on graphite [49].
For this study we looked a the behavior of PE chains at graphite walls, where both the PE [50] and the graphite [51]
where modelled chemically realistically. We are looking at homopolymers here, so that we will get the typical form
of an unspeciﬁc interaction of a wall with one of the blocks of our diblock copolymer. We chose a chain length of
N = 300 CH2 repeat units for the PE chain, so that both halves are Gaussian chains. The simulations were done at
T = 509 K with a wall separation of D = 90 nm. They were performed using the Gromacs Molecular Dynamics
simulation package [52]. For further details see [53]. In Fig. 3 we present a snapshot of the simulation box containing
the PE melt between two graphite walls. By virtue of the periodic boundary conditions employed in all directions and
the fact that the non-bonded Lennard Jones interactions between the PE monomers and the carbon atoms in the walls
are only taken into account up to a cutoﬀ, these graphite layers represent two half spaces of graphite conﬁning the
melt. One can clearly identify layering at the monomer level next to the graphite walls.
In Fig. 4 we present by the red symbols the density of the centers of mass of one half of the PE chain as a function
of the distance to the nearest wall, and clearly there exists a layering eﬀect for this density as well. Similar results have
been discussed for polybutadiene at graphite walls [49]. This density distribution is generated through a combined
eﬀect of the eﬀective interactions between all the soft particles in the melt and the eﬀective interaction of a soft particle
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Figure 4: Distribution of centers of half chains as a function of distance to a wall as obtained from the MD simulation of PE between graphite walls
(red symbols) and as obtained from MC simulations of the soft-particle model (blue symbols) employing the eﬀective potential (black symbols)
obtained by iterative Boltzmann inversion.
with the wall, so it can not simply be determined from
g(z)  exp{−Uwall(z)/kBT } (9)
by direct Boltzmann inversion. If one chooses a numerical approach to deduce the wall potential Uwall(z) from the
distribution function g(z) one can, however, employ iterative Boltzmann inversion [54, 55]. For this, a zeroth guess
for the wall potential is obtained by inverting Eq.(9) and then a simulation of the soft-particle model is performed
using this interaction. The resulting distribution function will diﬀer from the one determined from the detailed model,
but the diﬀerence can be used to correct the ﬁrst estimate for the wall potential (for details on the technical procedure
please consult the cited literature). The convergence of this method for our problem is exhibited in Fig. 4 by the blue
symbols which are representing the distribution generated by the coarse-grained simulations employing the eﬀective
potential shown by the black line. It is repulsive at short distances, has an attractive minimum at a distance about
equal to the radius of gyration of half the PE chains, i.e, half the diameter of the soft particle employed to model this
half chain, and the quickly approaches zero from below. The eﬀective potential was obtained from a Monte Carlo
simulation of a soft dumbbell model at eﬀective temperature T = 1. At this temperature the χ-parameter of our
model would be zero. We thereby identify the temperature unit of our coarse-grained simulation for the case of PE on
graphite to be equal to T = 509 K. To make the walls selective for one of the components of our diblock copolymer we
shift the potential depicted in Fig. 4 so that the minimum value is zero and truncate it at the distance of the minimum
(WCA like potential).
In the following we will present results from simulations at a density ρ = 1, at symmetric composition, f = 0.5,
and at a ﬁxed incompatibility, χN = 24, i.e., T = 0.25. We are in the lamella part of the bulk phase diagram. Let
us ﬁrst discuss what happens for non-selective walls (simulated using the WCA-like potential). Here one expects,
and this is what we ﬁnd at all wall separations we have simulated, that the lamellae will orient perpendicular to the
walls. More interesting is the case of selective adsorption of one of the blocks. For this we use the wall potential with
the attraction strength as determined from PE at graphite simulations for the interaction with one of the blocks and
the WCA-like potential for the interaction with the other block. It turns out that with this strength of attraction the
wall is strongly selective for one of the blocks, and we ﬁnd that the lamellae are always oriented parallel to the walls.
Whenever the distance between the walls, D, is an integer multiple of the bulk lamella spacing, L0, this is expected
in general. However, when we create a mismatch between the wall distance and the bulk lamella spacing, the lamella
morphology has to be strained to ﬁt into the slit. This strain is strongest for D = (n + 1/2)L0. The response of the
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Figure 5: Equilibrium orientation of the lamellar phases parallel to the conﬁning walls for a strength of the wall interaction w = −0.125 and a
ratio of wall distance to bulk lamella spacing D/L0 = 1.08 (top part). The middle part shows the perpendicular lamella orientation obtained for
D/L0 = 1.35 and the bottom part the reorientation of the lamellae to the parallel state for D/L0 = 1.89.
system to this strain depends on the relative strength of the wall attraction to the χ-parameter between the blocks. For
our model at χN = 24 and w = −0.5 the system responds by nucleating additional lamellae in the center of the box
which are fully formed whenever D reaches a multiple of L0.
However, when one reduces the strength of the attraction of the preferentially adsorbed block, the system chooses a
diferent repsonse. At maximum incompatibility between D and L0 the lamellae now reorient from a parallel alignment
to the perpendicular alignment as shown in Fig. 5. It is preferential now to create contacts between the “wrong” blocks
and the walls then to create clusters of one of the blocks within a lamella sheet formed by the other block. So upon
increasing the wall separation the lamella orientation switches back and forth between parallel (small mismatch) and
perpendicular (large mismatch) as shown in Fig. 5.
5. Conclusions and Outlook
We have shown that our argument that the micro phase separation transitions of a diblock copolymer in the
bulk as well as in conﬁnement must be describable by a model deﬁned on the scale of the radius of gyration of
the blocks holds true. We have deﬁned a soft quadrumer model of a linear diblock copolymer chain and employed
interactions between the centers of the soft spheres making up the quadrumer which were inspired by recent results
for the eﬀective interaction between the mass centers of Gaussian chains in concentrated solutions. This model can
be very eﬃciently simulated employing Monte Carlo methods. The topology of the bulk phase diagram we obtained
from our simulations compared well with experimental results (which are, however, in a comprehensive manner only
available for two chemical systems). It improves - as we hoped - on some of the shortcomings of mean ﬁeld theories.
However, our approach is limited to regimes of the parameter space, where the blocks retain their Gaussian chain
statistics, i.e., it will not be applicable in the strong segregation limit of the phase diagram.
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We have furthermore determined the form of the eﬀective interaction of one half of a Gaussian chain next to a wall
attracting its monomers by van der Waals forces by Molecular dynamics simulations of a chemically realistic model
of polyethylene in contact with graphite. Employing iterative Boltzmann inversion techniques one can deduce the
form of eﬀective wall interaction of one of the soft spheres we are employing for the diblock copolymer simulations.
We have then performed simulations for control parameters leading to a lamella phase in the bulk. For neutral walls
these lamella orient perpendicular to the walls, for strongly attractive walls they orient parallel to the walls, even for
the situation of strongest mismatch between lamella spacing and wall separation, but for weakly attractive walls we
ﬁnd that the lamellae switch orientation between parallel and perpendicular depending on the (mis-)match between
lamella spacing and wall distance. All these results agree qualitatively with what is known for such systems from
self-consistent ﬁeld theory or molecular simulations, thus lending support to our choice of the soft quadrumer model
as a suitable coarse-grained model for diblock copolymer melts.
As the simulations in the bulk so far have been performed at an invariant degree of polymerization comparable
to molecular simulations, N = O(102), we will need to perform simulations at higher densities to make contact to
the mean ﬁeld predictions (N  O(104)) for the diblock copoylmer phase diagram. The model can be simulated
eﬃciently enough to perform a systematic study of the eﬀect of overall density on the topology of the phase diagram.
Furthermore, the model oﬀers itself to simulations of composites of nano-particles and diblock copolymers, since
both constituents are treated on an equal length scale. It will therefore be intesting to employ it to study the dispersion
behavior of nano-particles in diﬀerent diblock copolymer morphologies.
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